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Many models of interacting particles rely heavily for their solution on restriction to one-
dimensional motion and a linearized kinetic energy. We examine this in detail, and find that the 
linearization can lead to patently strange and possible spurious solutions in first quantization. The 
usual, correct solutions are obtained only in second quantization. The strange solutions do not 
reduce to the usual plane wave determinantal solutions, even when the interactions are 
extinguished, and have the character of a condensed phase - a sort of Wigner lattice-for 
arbitrary interactions. 
PACS numbers: 03.70. + k, 11.1O.Ef 
We examine a class of rather simple fermion Hamilto-
nians in one spatial dimension. These are exactly soluble, in 
the sense that one can exhibit explicitly their "correct," 
physically acceptable solutions. We also discover a totally 
new class of solutions for which no simple physical interpre-
tation exists, which we label "strange." It has been very pop-
ular recently to linearize the kinetic energy, so as to obtain 
easy and convenient solutions of difficult problems. We shall 
examine this premise. Let us start with the simplest case, a 
one-component theory for N fermions characterized by the 
following Hamiltonian: 
H = - iiLdX ¢,t(x)ax¢(x) 
+ A,SdxSdx'¢t(x) lb(x) V(x - x')l//(x')lb(x') 
=KE+PE. (1) 
Here ¢(x) is a fermion field operator: 
! lb(x), lbt(x') 1 = o(x - x'), ! ¢(x), ¢(x') 1 = O. (2) 
In terms of momentum operators Ck , ¢ may be written 
¢(x) = L -1/2 2/kXC". (3) 
k 
We also define the particle-density (or "current") operators: 
While the Ck 's anticommute ([ C,' ck+, 1 = 0", ), the Pq 's 
commute: 
[Pq'Pq'] = 0, all q,q', 
(4) 
(Sa) 
as long as the number N is finite. If however, the Fermi-
Dirac sea is filled, thus N = 00, the P q 's satisfy a different set 
of commutation relations': 
(Sb) 
[It is very easy to verify (Sb) when both sides of the equation 
operate on the Fermi-Dirac sea, the state in which all k < kF 
are occupied and all k > kF are unoccupied. The proofof(Sb) 
as an operator identity is given elsewhere.'] In connection 
with (Sb) we define a set of Bose operators G q : 
{
G for q <0 
P =(lqILI21r)'/2 X Iq 
q Gq+ forq>O 
(6) 
the Gq 's- now defined only for q> 0- satisfy the standard 
Bose-Einstein commutation relations: 
(7) 
Before proceeding to the exact solution of (1), we require one 
more algebraic identity, concerning the KE, which takes on 
the following form: 
- zJ dx ¢t(x) ax lb(x) = Ikck+ Ck • (8) 
After subtraction of the energy of the Fermi-Dirac sea, it 
can be written as2 
Ikc/ Ck - I k =!:!!..-. Ipq+ Pq = I qGq+ Gq, (9) 
k " k, L q > 0 q' 0 
The normal-mode operators G q were, in fact, first introduced 
by Tomonaga, 'It is seen that the free-fermion kinetic energy 
can be written as the energy of the decoupled normal modes. 
The solution of (1) comes from the realization that the same 
situation holds for the PE, which is written as follows: 
A J dx J dy lb + (x) lb(x) V (x - y) ¢+ LY)¢LY) 
= (A/L) I Vq(pq+- Pq + pqpq+ ) 
q'() 
= (A/1T) I (qVq)(Gqt Gq + ~), (10) 
4,·0 
in which V is the Fourier transform of V(x), presumed real. q 
Combining the above, we obtain H in the form: 
H = Eo + IWqGq l Gq, 
q"O 
Ill) 
where Eo is the sum of the ground state and renormalization 
energies, 
Eo = I k + (A,!21T) IqVq, 
k,' ", q" () 
(12) 
and the renormalized normal-mode energies are 
(U q =q(l +A,Vq l1T), 113) 
We now turn to the strange solutions of (1). These are 
evidently confined to the case N = finite, in which the 
Dirac-Fermi sea is unfilled. Nevertheless, such a case is fre-
quently considered in conjunction with a cutoff k, below 
which no fermions are to be permitted.4 The limit k,---+ - 00 
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is taken after the solution is obtained, under the assumption 
that many of the properties are cutoff independent. 
The energy eigenstates of (1) are written as 
" tJI = F(x I,X2"",X/V) II 1/'+ (x" )10), (14) 
n--=-t 
where F(x p"') satisfies the partial differential equation 
. N JF 
-/ I-+AI IV(xn -xm)F=EF(x p .•. ) (15) 
n 1 ax" n,m 
and E is the energy eigenvalue. F is recognized as the ordi-
nary wavefunction in first quantization. The anticommuta-
tion relations applied to (14) limit us to solutions of(15) that 
are totally anti symmetric, i.e., that change sign under the 
interchange of any pair of coordinates x" ,xm . It is these solu-
tions that we now determine. The key observation here is 
that the KE operator, identical to the total momentum 
operator, 
(16) 
commutes with the PE operator 
(17) 
n,!" 
An additional simplification comes from the fact that the 
KE involves only first derivatives. IfG (x I'''') is defined as the 
symmetric free field (A I = 0) solution of (15) belonging to 
energy EI and F(x I''') is the solution of(15) with energy E 2 , 
then it is easily seen that G (x I''') F(x p ''') is also a solution of 
(15) belonging to energy eigenvalue E = EI + E 2• 
Taken together, these remarks determine what can be 
shown to be, in fact, the most general form of the solution; 
the argument goes as follows: the kinetic energy depends 
upon a single variable-the center of mass coordinate; the 
potential energy does not depend upon it at all. Thus, we 
may write the eigenfunction as 
F~ exp l' Ix,[E -,{, I VI'. -Xmll; 1 
j(x,v -X,v_I, ... ,X2 -XI)' (18) 
Since the exponential phase is symmetric under permutation 
of particles, the function! of the relative coordinates will be 
antisymmetric. As it stands, this is an eigenstate for any val-
ue of energy; these states are the scattering states of our sys-
tem. We now impose periodic boundary conditions on the 
system; this has the effect of fixing the phase so that 
[E - AI~ V(x" - x m )] L =KL = 1TX (even integers) for N 
odd and 1TX (odd integers) for N even. This, however, can 
only hold if L V (x" - x m ) is constant, and thus the function 
f of the relative coordinates is required, by periodic bound-
ary conditions, to be a product of delta functions fixing the 
relative separations x" - x" I = rn' We then arrive at our 
final form: 
.'Ii 
F= e iKx , II 8(x" - x" _I - r,,) 
II - 2 
( 19) 
for x I < Xl'" < xx' For any permutation on this ordering one 
introduces a factor ( - I (to satisfy the Pauli principle. 
Thus, as previously derived, the periodic boundary condi-
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tion requires KL = 1TX (even integer) for N = odd, and 
1TX (odd integer) for N = even. The rn 's are a set of arbitrary 
nearest neighbor separations, subject only to d =~r n < L, 
and can be used to compute x" - x m , which we may define 
as r llm , constants of the motion. (Note: rN I = L - d, by peri-
odic boundary conditions.) The energy eigenvalue corre-
sponding to the solution (18) is 
(20) 
fI,fn 
In a calculation of the partition function, the kinetic and 
potential energies contribute separately just as in classical 
physics; quantum mechanics seems to playa negligible role 
in discretizing K. The spectrum of energies (20) bears no 
discernible relation to (11)-(13). 
These "strange" solutions may be viewed as the con-
densation offermions into a "Wigner lattice" (the value of 
the r"m which minimizes the total energy (20)]. 
The "strangeness" is compounded when it is seen that 
these solutions do not reduce to the expected determinantal 
wa vefunctions, 
(21) 
when AI~O. Such determinantal functions are only valid at 
precisely AI = 0, where they can be constructed by taking a 
linear combination of F 's belonging to different sets of ! r" l, 
which are degenerate only when the PE is extinguished. So 
the "intuitively obvious" eigenstates (21) of the noninteract-
ing system are not even the natural limiting functions! This is 
a particularly clear example of the "tracks of the vanished 
dinosaurs" that Klauder' has remarked in various examples 
of field theory: The influence of interactions persists in the 
strange form of the solution even after the coupling constant 
vanishes. 
Our second example concerns Luttinger's modet· of a 
two-component field theory. This example is nontrivial in 
the sense that KE and PE do not now commute. Neverthe-
less, a set of "strange solutions" persists, differing qualita-
tively from Luttinger's own solutionsO in the same way that 
the strange solutions found above differed from the deter-
minantal functions. But this discrepancy may be academic, 
for none of these are physically acceptable; the physically 
acceptable solutions are obtained quite differently, by first 
filling the Fermi-Dirac sea and then examining the opera-
tors in the manner first prescribed by Mattis and Lieb. 1 The 
model Hamiltonian is now 
H = - if dx[I/'+(x)Jxl/'(x) - ~ + (x)Jxc,? (x)] 
+AJdx [dx' 1/'+ (x) I/'(x) V(x -x') I/'+(x') w(x')] 
+ A J dy f dy' ~ + (y) ~ (y) V (y - y') c,? + (y') ~ (y') 
+ 2A2 J dx J dy l/J+ (x) I/'(x) u (x - y) ~ + (y) ~ (y) . 
(22) 
The exact eigenstates-found by first filling the Fermi-
Dirac seas (k < kFI for the I/' particles, k > kF2 for the ~ parti-
cles) and then following the prescriptions ofEqs. (5b)-( 13)-
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now involve a complete set of q's (positive for the density 
fluctuations in the'" particles, negative for ¢ 's). The relevant 
Hamiltonian is 
H=E~ = Iq(l +11" Vql1r)(aq+aq +a:+:qa_ q) 
q>O 
+ (Azltr) I Uqq(at a:+: q + Rc.), (23) 
q>O 
where 
E ~ = I k - I k + (A/1T) I Vqq. 
k < k t "\ k> kf'l q > 0 
(24) 
The final step is a Bogoliubov transformation to a new set of 
normal modes diagonalizing (23): 
aq =coshuqbq +sinhuqb ~q' 
With 
we obtain 






6J~ = Iql [(1 + A, Vq/1T)z - (A zUq/1T)z]'/2 (28) 
and 
E~ =E~ + I,(6J~ -6Jq). (29) 
q>O 
Turning next to finite N, and N 2, we find only solutions 
of the strange variety. First, write the eigenstates in the form 
1[/ = F(x" ... ,xN,; Y"""YN2) I1",+(xd .. , ¢ +(YJ .. IO), 
(30) 
and study the eigenvalue equations for F 





Borrowing from the previous procedure, we fix x1, .. "x/V, 
relative to x, and similarly for the Y's: 
Xz=x,+rz, x 3=x,+rZ +r,,. .. , 
Yz =y, + r~, Y3 =y, + r; + r;,,,', 
where the r's are constants of the motion. Thus, V, which 
depends only on the r's, is itself a constant of the motion 
while U depends on the coordinates only through x, - y,. 
We write this dependence explicitly as U(x, - y,), 
The partial differential equation (31) reduces then to the 
simpler problem: 
-i(~- ~)F+2A2U(X,-YdF=(E-A' V)F. (32) 
ax, ay, 
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With 
W(z)= fdX U(x) (33) 
we obtain the most general solution: 
x II8 (x" - x" ,- r" 1 8(y", - y", ,- r~,,). (34) 
Periodic boundary conditions onx yield the magnitude of k I: 
k,L-Az W(L)=p,1T, (35) 
where p, is an even/odd integer depending on whether N, is 
odd/even, A similar equation is constructed for k 2, and the 
energies are found to be 
(36) 
independent of A2 except through the quantization condition 
(35). Note the interesting consequence that whenever A2 is 
increased such that A] W (L 1 increases by a multiple of 2IT, 
there is no effect on the eigenstates save a relabeling. Again, 
the strange solutions appear to have no discernible physical 
interpretation, The more plausible states guessed by Lut-
tinger6 can be obtained only if A ,=0. Luttinger was, of 
course, careful to make this restriction in his original paper" 
as well as the simplifying assumption W (L ) = 0, By lifting 
these restrictions, we have pointed out some of the difficul-
ties that might not otherwise have been apparent. 
The analysis can be generalized further, in two signifi-
cant ways, which preserve the dichotomy between accept-
able and strange solutions. 
First, we can relax the requirements on the potential 
energy that it depend on differences x" - x'" or x" - y", of 
the coordinates, and consider two-body forces that depend 
in an arbitrary way on the coordinates x" andy",. On the one 
hand, the Hamiltonian remains a quadratic form in Tomon-
aga operators regardless of the nature of the two-body 
forces, and can always be diagonalized by standard methods. 
On the other, the strange solutions can always be found be-
cause in the (N, + Nzl-dimensional coordinate space, the ki-
netic energy is effective only along one axis, viz" 
S, = (NI + N2l-'n (XI + Xz + ... - YI - Yz"'), whereas it 
commutes with all coordinates S2, S" .. ·,;'" I I N 2 along the 
orthogonal axes, Therefore, the eigenvalue equation for F 
can always be transformed into an ordinary first-order, lin-
ear differential equation in the variable S, and solved exactly 
(albeit, with a physically unacceptable resuW) 
Second, we can introduce spin as a variable, The parti-
cles are then labeled according to their spin component (up 
or down) as well as their motion (right- or left-going). As long 
as the numbers of particles in each component are con-
served, the models remain soluble in both second and first 
quantization, with the strange solutions found in the latter. 
We have found no simple prescription that "heals" the 
strange solutions, The introduction of a cutoff does not re-
store a proper form to the eigenstates nor a proper set of 
dispersion relations to the excitations. Proceeding to the lim-
it N~ 00 does not help the situation. 
In a future paper we plan to explore other facets of this 
interesting area in mathematical physics, and analyze mod-
els which are somewhat more complex and interesting than 
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the above, having applications in field theory as well as in 
condensed matter theory. 
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